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Ž .  <Let G be a finite group and let N G s n g N G has a conjugacy class C,
< < 4such that C s n . Professor J. G. Thompson has conjectured that: If G is a finite
Ž . Ž . Ž .group with Z G s 1 and M a non-abelian simple group satisfying N G s N M ,
then G ( M.
We have proved previously that: If M is a sporadic simple group or a simple
group having its prime graph with at least three prime graph components, then
Thompson's conjecture is correct. In this paper, we shall prove:
Ž . Ž .MAIN THEOREM. Let G be a finite group with Z G s 1 and M s G q or2
Ž . Ž . Ž .G 2 9, where q G 2, such that N G s N M . Then G ( M. Q 1999 Academic2
Press
Key Words: Finite groups; conjugacy classes; characterization of a finite simple
group
w xAll notation are the same as in 4 .
w xThe next two lemmas follow from Lemmas 1.4 and 1.5 in 4 .
Ž .LEMMA 1. Suppose G and M are two finite groups satisfying t M G 2,
Ž . Ž . Ž . < < < <N G s N M , and Z G s 1. Then G s M .
< < < <LEMMA 2. Let G and G be finite groups satisfying G s G and1 2 1 2
Ž . Ž . Ž . Ž . Ž . Ž .N G s N G . Then t G s t G and T G s T G .1 2 1 2 1 2
w xThe next lemma follows from Theorem 2 in 2 .
LEMMA 3. Suppose G is a Frobenius group of e¤en order and H and K are
the Frobenius kernel and the Frobenius complement of G, respecti¤ely. Then
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Ž . Ž .  Ž . Ž .4t G s 2, T G s p H , p K , and G has one of the following structures:
Ž . Ž .1 2 g p H , all Sylow subgroups of K are cyclic.
Ž . Ž .2 2 g p K , H is an abelian group, K is a sol¤able group, the Sylow
subgroups of odd order of G are cyclic groups, and the 2-Sylow subgroups of
G are cyclic or generalized quaternion groups.
Ž . Ž .3 2 g p K , H is an abelian group, and there exists K F K such0
w x Ž . Ž < < .that K : K F 2, K s Z = SL 2, 5 , Z , 2 = 3 = 5 s 1,0 0
and the Sylow subgroups of Z are cyclic.
w xThe next lemma follows from Theorem 2 in 2 .
Ž .LEMMA 4. Let G be a 2-Frobenius group of e¤en order. Then t G G 2
Ž . Ž .and G has a normal series 1e H e K eG such that p KrH s p , p H2
Ž . < < < < Ž . <j p GrK s p , GrK Aut KrH , and GrK and KrH are cyclic.1
< < < <Especially, GrK - KrH , and G is sol¤able.
LEMMA 5. If G is a finite group with more than one prime graph
Ž .component, then G is one of the following: a Frobenius or 2-Frobenius,
Ž . Ž . Ž .b simple, c an extension of a p -group by a simple group, d simple by1
Ž .p -sol¤able, or e a p -group by simple by p -group, where p is the prime1 1 1 1
Ž w x.graph component containing prime 2 see 8 .
LEMMA 6. If G is a finite group with more than one prime graph
component and has a normal series H e K eG such that H and GrK are
Žp -groups and KrH is simple, then H is a nilpotent group see Lemma 31
w x.in 8 .
Ž .LEMMA 7. Let G be a finite group with Z G s 1. If M is a non-abelian
Ž . Ž . Ž .simple group with t M s 2 satisfying N G s N M , then
Ž . < < < < Ž . Ž . Ž . Ž .1 G s M , t G s t M , and T G s T M .
Ž . < < Ž .  4 Ž .2 Let M s m m , T M s p , p , and p m s p for i s 11 2 1 2 i i
< <or 2. Then G s m m and one of the following holds:1 2
Ž .a G is a Frobenius or 2-Frobenius group;
Ž .b G has a normal series 1e H e K eG such that GrK is a
p -group, H is a nilpotent p -group, and KrH is a non-abelian simple group.1 1
Ž .  X X X 4 < < X X XMoreo¤er T KrH s p , p , . . . , p , p , KrH s m m ??? m m and1 2 s 2 1 2 s 2
X X X < Ž X . Xm m ??? m m where p m s p , 1 F j F s.1 2 s 1 j j
<Ž . < < < Ž . <3 GrK Out KrH .
Ž . Ž . Ž .Proof. 1 and 2 follow from Lemmas 1]6. Since t G G 2, we have
Ž . Ž . Ž . < < <t GrH G 2. Otherwise t GrH s 1, so that t G s 1 since 2 H and H
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Ž .a p -group, a contradiction. Moreover we have Z GrH s 1. For any1
xH g GrH and xH f KrH, xH induces an automorphism of KrH. And
Ž .this automorphism is trivial iff xH g Z GrH . Therefore GrK F
Ž . Ž . Ž .Out KrH for Z GrH s 1, from which 3 follows.
Ž .  4Let G be a finite group of even order and T G s p , p , . . . , p ,1 2 t
< < Ž .while 2 g p . Then G s m m ??? m such that p m s p , i s1 1 2 t i i
w x1, 2, . . . , t. These m are called order components of G in 3, 4 . We usei
Ž . w xOC G to denote the set of order components of G. And by 6, 8 we can
Ž .easily calculate the order components of simple groups M with t M G 2
Ž w x.see Tables 1]4 in 3 .
Ž Ž ..LEMMA 8. Let G be a finite group with t G G G 2 and N a normal
subgroup of G. If N is a p -group for some prime graph component p of Gi i
and a , a , . . . , a are some order components of G but not a p number, then1 2 r i
< <a a ??? a is a di¤isor of N y 1.1 2 r
Proof. For any x g N and x / 1, the centralizer of x in G must be a
< Ž . <p -group and so a , a , . . . , a divides Cl x . Therefore a a ??? a di-i 1 2 r G 1 2 r
< <vides N y 1 for N eG and N is a union of conjugacy classes.
Ž .In the following lemma we use D G to denote the odd order compo-
Ž . Ž . 2 <nent of G. For M s G q we have D M s q q q q 1 for 3 q q 1 and2
2 <q y q q 1 for 3 q y 1.
Ž . Ž .LEMMA 9. Let M s G q , q G 4, q ’ y1 or 1 mod 3 . Let S g2 p
Ž . Ž .Syl M , where p g p M and p ƒ q. Thenp
Ž . < < 3 < < 61 S - q or S s p .p p
Ž . Ž . a < < < a Ž Ž ..2 If p g p M and p M , then p y 1 ’ 0 mod D M if and1
< a a Ž .only if p q or q s 4, p s 27 or q s 5, p s 32, where p M is the prime1
graph component containing 2.
< < 6Ž 2 .Ž 2 .Ž .2Ž .2Proof. Since G s q q y q q 1 q q q q 1 q y 1 q q 1 , it is
Ž .easy to show that 1 holds.
Ž .To prove 2 , it is sufficient to prove the necessity. And in the rest of the
a Ž Ž .. a Ž .proof, we assume that p ƒ q. Since p y 1 ’ 0 mod D M , p ) D M .
Ž . a Ž .2 Ž .2Case 1. If q ’ 1 mod 3 , then p is a factor of 4 q y 1 , 4 q q 1 ,
Ž .2 Ž 2 .3 q y 1 , and q q q q 1 r3.
Ž . a < Ž .2 < a wŽ .2a If p 4 q y 1 , then, since 3 q y 1, we have p N q y 1 or
a Ž .2 a 2 Ž .p N 4 q y r9. Thus p - q y q q 1 s D G , a contradiction.
Ž . a < Ž .2b Suppose p 4 q q 1 .
First we further assume that p s 2. If q q 1 is not a power of 2, then,
a Ž .2 Ž .since 3 ƒ q q 1, p F 4 q q 1 r25 - D G , a contradiction. If q q 1 is a
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a Ž .2 Ž .2 Ž .2 a Ž .power of 2, then p s q q 1 , 2 q q 1 , or 4 q q 1 for p ) D G
Ž .2 Ž .and q q 1 r2 - D M .
a Ž .2 Ž .2 Ž . aIf p s q q 1 , then, since q q 1 y 1 s D G q 2 q y 1 and p y
Ž Ž .. Ž .1 ’ 0 mod D G , we have D G s 2 q y 1. Thus q s 2, a contradiction.
a Ž .2 a Ž .If p s 2 q q 1 , then p y 1 s 2 D G q 6q y 1. It is easy to check
Ž . < athat this is impossible by D G p y 1, Similarly, it can be proved that
a Ž .2p s 4 q q 1 is also impossible.
We can deal with the case p / 2 similarly.
Ž . a <Ž 2 . a Ž .c If p q q q q 1 r3, then P - D M , a contradiction.
Ž . a < Ž .2 a Ž .d If p 3 q y 1 , then p y 1 s 3D M y 3q y 1, which means
3q q 1 s q2 y q q 1 and so q s 4 and pa s 33.
Ž . a Ž .2 Ž .2Case 2. If q ’ y1 mod 3 , then p is a factor of 4 q y 1 , 4 q q 1 ,
Ž .2 Ž 2 .3 q q 1 , and q y q q 1 r3. Using the same method as in Case 1, we
see that q s 5 and pa s 32.
w x < Ž .  6Ž 2By Tables 2 and 4 in 4 we know that if 3 q, then OC G s q q y
.2 2 2 4 < Ž .  6Ž 2 .2Ž 21 , q q q q 1, q y q q 1 ; if 3 q y 1, then OC G s q q y 1 q q
. 2 4 < Ž .  6Ž 2 .2Ž 2q q 1 , q y q q 1 ; and if 3 q q 1, then OC G s q q y 1 q y q q
. 2 4 < Ž .1 , q q q q 1 . Thus if 3 q and M s G q , then it has been proved that2
w xThompson's conjecture holds in 4 . So it is necessary to discuss the case
3 ƒ q.
Ž . Ž .LEMMA 10. Let G be a finite group with Z G s 1 and M s G q ,2
< Ž . Ž .where 3 q y 1. If N G s N M , then G ( M.
Proof.
Step 1. Prove that G is neither a Frobenius nor a 2-Frobenius group.
Ž .1 Prove that G is not a Frobenius group.
Ž .  < < < <4If G is a Frobenius group, then, by Lemma 3, OC G s H , K ,
where H and K are the Frobenius kernel and the Frobenius complement,
respectively.
< < < < < 2 <Ž 2Suppose 2 H . Then K s q y q q 1. Let p be a prime and p q q
1 2 2. < < Ž .q q 1 r3. Then S - q q q q 1 - q y q q 1. Since H is nilpotent,p 3
2 < <S is normal in G. Then q y q q 1 S by Lemma 8, a contradiction.p p
< < < < < < <Suppose 2 K . Then for any Sylow subgroup of H, we have S - K ,p
< < < < <contradicting K S y 1 by Lemma 8.p
Ž .2 Prove that G is not a 2-Frobenius group.
If G is a 2-Frobenius group, then G has a normal series H e K eG
< < 2 Ž .such that KrH s q y q q 1 by Lemma 4. Since q ’ 1 mod 3 , q G 4.
Ž . Ž .If q is odd, then q q 1 r2 or q y 1 r2 is an odd integer ) 2. When
Ž . ŽŽ . .2Ž 2 . Ž 2 .q y 1 r2 is odd, we have q y 1 r2 q q q q 1 r3 G 3 q q q q 1
< < < < 2) KrH . By Lemma 4, GrK - q y q q 1. Thus there exists a prime p
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2 2< < <such that p q y 1 r2 q q q q 1 r3, p H . We shall encounter aŽ .Ž . Ž .
Ž .contradiction by similar reasoning as in 1 . And we can deal with the case
Ž .q q 1 r2 odd similarly.
Ž .2Ž 2 . 2If q is even, then q y 1 q q q q 1 r3 ) q y q q 1. Taking a prime
Ž .2Ž 2 . Ž .p divides q y 1 q q q q 1 r3, similar to 1 we also encounter a
Ž .contradiction. So 2 and then Step 1 follow.
By Step 1 and Lemma 7 we know that G has a normal series
Ž .1e H e K eG, such that KrH is a simple group and t KrH G 2. There-
fore we must check each possibility of KrH. By the classification theorem
w xof finite simple groups and 6, 8 , we may list all the possibilities of KrH as
shown in Table I.
Now we must check all possibilities of KrH one by one. Since the
procedure of checking is the same and trivial, we show several typical cases
only.
Step 2. Prove that KrH is not an alternating group A .n
Ž .Suppose KrH s A . Since t KrH G 2, we have that n s p, p q 1, orn
p q 2 by Table I, where p is an odd prime G 5.
 4p n , n y 2 not all primes
OC KrH sŽ . ½  4p , p y 2 n , n y 2 primes
By Lemma 7 we have q2 y q q 1 s p or p y 2. If q2 y q q 1 s p, then
2 2< < < < Ž < <q y q y 1 G since p y 1 KrH . But it is easy to check that G , q y
. 2 2q y 1 s 1, a contradiction. If q y q q 1 s p y 2, then p s q y q q 3,
2 < Ž 2 . < < <which implies q y q q 2 q q q q 1 r3 for p G , a contradiction.
Ž .Step 3. Prove that KrH cannot be a simple group of type A q9 orn
2 Ž .A q9 .n
This step is the most difficult one; the method used here is suitable to
other steps.
TABLE I
Ž . Ž . Ž . Ž . Ž . < Ž .A q , n, q s 1, q or p y 1, q or p, q and q y 1 p y 1 G q , q ) 2n 2
2 2mŽ . Ž . Ž . Ž . Ž . Ž .D q , n, q s p q 1, 2 or 2 , q or p, 3 , p G 5 G qn 2
2Ž . Ž . Ž .E 2 , E 3 B q7 7 2
2 Ž .A , n s 5, 6 or n s p, p q 1, p q 2 F 2 9n 4
mŽ . Ž .B q , n s 2 , m G 2 B 3 , q q 2, 3n p
mŽ . Ž .C q , n s 2 , m G 1 C q , q s 2, 3n p
Ž . Ž .D q , p G 5, q s 3, 5 D 3 , p G 3p pq1
Ž . Ž .E q F q , q ) 26 4
2 Ž . Ž . Ž . Ž . < Ž .A q , n, q s p y 1, q or p, q and q q 1 p q 1 E qn 8
3 2Ž . Ž .D q E q4 6
Ž .A sporadic simple group G 2 92
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Ž .First we prove that KrH cannot be A q9 .n
Ž . Ž . Ž . Ž . Ž .If KrH s A q9 , then n, q9 s 1, q9 or p9 y 1, q9 or p9, q9 andn
<q9 y 1 p9 y 1 by Table I, where p is an odd prime.
Ž . Ž . w x1 Let n s 1 and q9 ’ 1 mod 4 . Then by 2, Table 2 the odd
Ž . 2order components of KrH are q9 and q9 q 1 r2. Thus q y q q 1 s
Ž . 2 < Ž . <q9 or q9 q 1 r2 by Lemma 7. If q y q q 1 s q9, then A q9 s1
1 2 2 2<Ž .Ž .Ž . < Ž . < < < Ž .q q y 1 q y q q 1 q y q q 2 . Since A q9 G , q y q q 2 r212
6Ž .2Ž .2Ž 2 .Ž 2 . Ž 2divides q q y 1 q q 1 q q q q 1 q y q q 1 and so q y
. Ž 2 . Ž 2 .q q 2 r2 divides q q q q 1 because q y q q 2 r2 is coprime to
Ž 2 . 2 Ž 2 . Ž 2q q y 1 . But q q q q 1 s q y q q 2 q 2 q y 1. Then q y
. Ž .q q 2 r2 divides 2 q y 1. Because q ’ 1 mod 3 , q G 4. It is easy to
Ž 2 .check that q s 4; otherwise q y q q 2 r2 ) 2 q y 1 if q ) 4. Thus
< < 12 3 2 Ž . 2 < < <G s 2 ? 3 ? 5 ? 7 ? 13 and A 13 s 2 ? 3 ? 7 ? 13. By Lemma 7, GrK 21
2 5 < <and 5 H . Since H is nilpotent, G has a normal subgroup of order 25,
<which leads to 13 24 by Lemma 8, which is impossible.
Ž . Ž .2 Let n s 1 and q9 ’ y1 mod 4 . Then the two odd order
Ž .components of KrH are q9 and q9 y 1 r2. By Lemma 7 we have
2 Ž . Ž .q y q q 1 s q9 or q9 y 1 r2. We can use the same method as in 1 to
2 2 Ž .deal with it if q y q q 1 s q9. If q y q q 1 s q9 y 1 r2, then q9 ’ 1
Ž Ž .. Ž . 3mod D M , and so q, q9 / 1 or q s 4 and q9 s 3 by Lemma 9. If
Ž . k sq9, q / 1, that is, q s r and q9 s r for some prime r, it is easy to show
< Ž . < 3 3this is impossible. If q s 4 and q9 s 27, then A q9 s 2 ? 3 ? 7 ? 13. By1
Ž . < < < 2 5 < <similar reasoning as in 1 , we have GrK 12 and 5 H , so that G has a
<normal subgroup of order 25, and then 13 24 by Lemma 8, a contradic-
tion.
Ž . <3 Let n s 1 and 4 q9. Then the odd order components of KrH are
q9 q 1 and q9 y 1, so that q2 y q q 1 s q9 q 1 or q9 y 1. Since q9 is a
power of 2, q2 y q q 1 / q9 q 1 and q2 y q q 1 s q9 y 1. Moreover
Ž 2 . < Ž . Ž .q9 ’ 1 mod q y q q 1 , which means that 2 q or q, q9 s 4, 27 by
Ž . Ž . <Lemma 9. Obviously, it is incorrect that q, q9 s 4, 27 for 4 q9. If
< 2 < < 5 32 q, then q s q9 s 4 by q y q q 1 s q9 y 1, and G s 2 ? 3 ? 7 and
< Ž . <A 4 s 4 ? 3 ? 5, which is impossible by similar reasoning.1
Ž .4 Let n s 2 and q9 s 4. Then KrH has odd order components 5,
7, and 9. Thus q2 y q q 1 s 5, 7, or 9. It is easy to show that q s 2 for
Ž .q ’ 1 mod 3 , a contradiction.
Ž . Ž . Ž .5 Let n s p y 1 and n, q9 / 2, 4 where p is an odd prime.
Ž p . wŽ .Then KrH has only one odd order component q9 y 1 r q9 y 1
Ž .x Ž p . wŽ .Ž .x 2p, q9 y 1 and so q9 y 1 r q9 y 1 p, q9 y 1 s q y q q 1. Hence
p Ž 2 . Ž . Ž p. Ž .q9 ’ 1 mod q y q q 1 and again q, q9 / 1 or q, q9 s 4, 27 by
Lemma 7.
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Ž . Ž . py1 2If q, q9 / 1 and p, q9 y 1 s 1, then q9 q ??? qq9 q 1 s q y
q q 1 and
q9 q9 py2 q ??? qq9 q 1 s q q y 1 ,Ž .Ž .
which is impossible.
Ž . Ž . Ž py1 .If q, q9 / 1 and p, q9 y 1 s p, then q9 q ??? qq9 q 1 rp s
Ž p . Ž .Ž . 2 Žq9 y 1 r q9 y 1 p, q9 y 1 s q y q q 1. Therefore p y 1 ’ 0 mod
. Ž .q or p y 1 ’ 0 mod q9 . Obviously, the latter one is impossible for
< 3 Ž p . Žp q9 y 1. If the first one holds and p G 5, then q ) q9 y 1 r q9 y
. 3 < <1 p ) q9 . This means q ) q9, contradicting q p y 1 and p q9 y 1. If the
<first one holds and p s 3, then q 2. Thus q s 2, a contradiction.
p 2 < < 12If q s 4 and q9 s 27, then q9 s 3, p s 3, q y q q 1 s 13, G s 2 ?
3 2 < < 4 3 Ž .3 ? 5 ? 7 ? 13 and KrH s 2 ? 3 ? 13. By the same reasoning as in 2 , we
5 < <have 7 H , a contradiction.
Ž . Ž . Ž . <6 Let n, q9 s p, q9 and q9 y 1 p q 1. Then KrH has an odd
Ž p . Ž . Ž .order component q9 y 1 r q9 y 1 . Similar to 5 , it can be shown that
this case is also impossible.
Ž .Until now we have proved that KrH cannot be A q9 . By the samen
2 Ž .method we can prove that KrH cannot be a simple group of type A q9n
2 Ž .because the odd order components of A q9 are of the same form ofn
Ž .those of A q9 .n
Ž .Step 4. Prove that KrH cannot be simple groups of type B q9 andn
Ž .C q9 .n
Ž . Ž .Since B q9 and C q9 have the same order and the same odd ordern n
Ž .components, it is sufficient to discuss one of them, for example, B q9 .n
Ž . Ž . Ž m . Ž .If KrH s B q9 , then n, q9 s 2 , q9 for m ) 1 or p, k with p an
prime and k s 2 or 3 by Table I.
Ž . Ž . Ž m .1 If n, q9 s 2 , q9 with m ) 1, then KrH has an odd order
Ž n . Ž . Ž n . Ž . 2component q9 q 1 r 2, q9 y 1 . Therefore q9 q 1 r 2, q9 y 1 s q y
n2 Ž Ž ..n n2 6q q 1, so that q9 ) q q y 1 . If n G 8, then q9 ) q , which is
impossible by Lemma 9. Hence n - 8.
n2 4Ž .4 n2 6If n s 4, then q9 ) q q y 1 , while q ) 2, q9 ) q , a contradiction
by Lemma 9.
2 Ž 2 . Ž .If n s 2, then q y q q 1 s q9 q 1 r 2, q9 y 1 . It is easy to show
4 2Ž .2 3 Ž .that 2 ƒ q9 and q9 ) q q y 1 ) q . Then we have q, q9 / 1 by
Lemma 9. It is easy to check that this is impossible.
Ž . Ž . Ž .2 If n, q9 s p, k for p a prime and k s 2 or 3, then KrH has
Ž p . Ž . 2an odd order component k y 1 r 2, k y 1 , which is equal to q y q q 1.
Ž .By the same reasoning as in 1 , we can show this is also impossible. Step 4
follows.
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Ž .Step 5. Prove that KrH cannot be a simple group of type D q9 .n
Ž . Ž . Ž . Ž .If KrH s D q9 , then n, q9 s p, k or p9 q 1, 3 , where p is an
prime G 5, p9 is a prime G 3, and k s 2 or 3 or 5 by Table I.
Ž . Ž .If n, q9 s p, k , p and k as above, then KrH has an order compo-
Ž p . Ž . Ž p . Ž . 2nent k y 1 r 4, k y 1 . Thus k y 1 r 4, k y 1 s q y q q 1 and so
p Ž 2 . pŽ py1. 4Ž .4k ’ 1 mod q y q q 1 and k ) q q y 1 . Then, by Lemma 7,
since q G 4, k pŽ py1. ) q6 for q ) 2, a contradiction.
Ž . Ž . Ž .If n, q9 s p9 q 1, 3 , then D q9 has an odd order componentn
Ž p9 . Ž .3 y 1 r2. For p9 G 5, by the same process as in 1 , it can be proved
Ž . 2that KrH cannot be D q9 . If p9 s 3, then q y q q 1 s 13 and son
12Ž . < <q s 3 or 4. But by q ’ 1 mod 3 we have q s 4, and so that 3 KrH ,
12 < <contradicting 3 ƒ G . Step 5 follows.
2 Ž .Step 6. Prove that KrH cannot be a simple group of types: B q9 ,2
2 Ž . Ž . 2 Ž . Ž . 2 Ž . 2 Ž . 3 Ž .D q9 , E q9 , E q9 , F q9 , F q9 , G q9 , and D q9 .n 6 6 4 4 2 4
Since the processes to prove that KrH cannot be a simple group of the
types listed above are the same as in those in Steps 3, 4, and 5, we omitted
the proofs here.
Ž .Step 7. Prove that KrH cannot be E q9 .8
w x Ž . 9By 4, Table 1 , the odd order components of E q9 are all F q9 . If8
Ž . 2KrH s E q9 , then q y q q 1 equals one of the odd order components8
Ž . 9 120 10of E q9 . Therefore q9 ) q and q9 ) q , which is impossible by8
120 < <q9 E q9 and Lemma 7. Step 7 follows.Ž .8
Step 8. Prove that KrH cannot be any one of sporadic simple groups,
Ž . Ž . 2 Ž .E 2 , E 3 , and F 2 .7 7 4
w xBy Tables 2]4 in 2 any odd order component of any simple group listed
above is one of the following primes: 5, 7, 11, 13, 17, 19, 23, 29, 31, 37, 41,
43, 47, 59, 67, 71, 73, 127, 757, 1093. Hence q2 y q q 1 equals one of these
< < < Ž . <primes. Then q s 4 by solving these equations, so that G s G 4 s2
12 3 2 Ž . Ž .2 ? 3 ? 5 ? 7 ? 13, which leads to Max p KrH s Max p G s 13. Then
w x < < < <KrH s Sz by 8 . But 11 Sz and 11 ƒ G , a contradiction.
Step 9. Prove that G ( M.
Ž . Ž .From Steps 1]9, we know that KrH s G q9 . If q9 ’ y1 mod 3 ,2
then KrH has odd order component q92 q q9 q 1, so q92 q q9 q 1 s
2 Ž . Ž .q y q q 1 and q9 q9 q 1 s q q y 1 . Hence q9 s q y 1 and q9 ’
Ž . Ž . Ž .0 mod 3 for q ’ 1 mod 3 , a contradiction to q9 ’ y1 mod 3 .
Ž . 2If q9 ’ 0 mod 3 , then KrH has two odd order components q9 q
q9 q 1 and q92 y q9 q 1. Thus q2 y q q 1 s q92 q q9 q 1 or q92 y
Ž .q9 q 1, which implies q s q9 q 1 or q s q9. Since q9 ’ 0 mod 3 and
Ž . 6 Ž .6 6 3q ’ 1 mod 3 , q s q9 q 1 and q9 s q y 1 . Therefore q9 ) q for
Ž .q G 4. Then q9, q / 1 by Lemma 7, a contradiction.
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Ž . 2 2If q9 ’ 1 mod 3 , then q9 y q9 q 1 s q y q q 1, so that q9 s q and
G s KrH ( M.
This is the end of the proof of Lemma 9.
The proof of the following lemma is similar to that of Lemma 10.
Ž . Ž .LEMMA 11. Let G be a finite group with Z G s 1 and M s G q ,2
< Ž . Ž .where 3 q q 1. If N G s N M , then G ( M.
Ž . Ž .LEMMA 12. Let G be a finite group with Z G s 1 and M s G 2 or2
Ž . Ž . Ž .G 2 9. If N G s N M , then G ( M.2
Ž . 2 Ž .Proof. First, since G 2 9 s A 3 , it has been discussed in Lemma 10.2 2
w x Ž .Second, by 5, Page 14 , we know that the prime graph of G 2 has two2
6 3 Ž .components: 2 ? 3 and 7. Then if M s G 2 , we have to repeat the2
processes used in the proof of Lemma 10 by Lemmas 1, 2, and 5. Similar to
Step 1 in the proof of Lemma 10, we can prove that G cannot be a
Frobenius group or a 2-Frobenius group. Therefore G has a normal series
Ž .H e K eG, such that KrH is a simple group with t KrH G 2. Since
6 3< < w x Ž .KrH 2 ? 3 ? 7, KrH may be one of following simple groups by 5 : L 32
Ž 3 . Ž . Ž 3 2 . Ž .2 ? 3 ? 7 , L 8 2 ? 3 ? 7 , and G 2 9.2 2
Ž . < Ž Ž .. <If KrH s L 7 , then GrK has an order of a factor of Out L 7 ,2 2
< <that is, GrK 2. Hence H has a 3-Sylow subgroup of order 9 that is
Ž .normal in G, a contradiction by Lemma 8. So KrH / L 7 .2
Ž . < < <If KrH s L 8 , then GrK 3 by Lemma 5. Therefore the 2-Sylow2
subgroup N of H is of order 8. by Lemma 8, N has exactly two conjugacy
classes, one containing seven elements and one element. That is to say, for
< Ž . < Ž Ž ..any x g N and x / 1, we have Cl x s 7, contradicting 7 f N G 2 byG 2
w x Ž .5, p. 13 . Hence KrG / L 8 .2
Ž . < < < < < <If KrH s G 2 9, then H s 1 or 2. By Lemma 8, H s 1 and GrK2
s 2, which leads to G ( M.
Proof of the Main Theorem. The theorem follows from Lemmas 10]12.
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